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Among the variety of theoretical models of quantum spin glasses we can single out two which have received continuous attention for many years now, namely, the infinite-range random Ising model in a transverse field (RITF) and the random Heisenberg (RH) model. The former is believed to be directly relevant to the physics of the Li 12x Ho x YF 4 compound which is a dipolar coupled random magnet [5] and was the focus of recent beautiful experiments [6] . On the other hand, the second model can be taken as the natural starting point to study the effects of disorder in the magnetic behavior of transition metals and rare earth compounds. In both cases, the physics within the disordered paramagnetic phase is rather well known [7] [8] [9] [10] [11] . In contrast, there are not many theoretical results in the literature on the behavior of these models inside the ordered phase. This is mainly due to the fact that most of the theoretical treatment relies on the replica trick [2, 12] , which usually becomes impractical in the glassy phase when replica symmetry breaking occurs. Among the available results, we should mention a Landau theory for a class of disordered models that provided valuable insight into the critical region of the RITF [13] , and also the study of SU͑M͒ extensions of the RH model treated in the limit of M !` [14, 15] .
In this paper we concentrate on these models at zero temperature ͑T 0͒ and obtain detailed behavior inside the spin-glass phase, which has eluded an analytic solution so far. We employ the method of exact diagonalization of a large number of finite-size clusters with magnetic interactions drawn from a random probability distribution function [16] . This method avoids the need for the replica trick as one can perform direct averages over the disorder. Our main result is the numerical solution of both models in their glassy phases. Various equilibrium observables are computed, and compelling evidence is found that the dynamical spin response of both models behaves as x 00 ͑v͒ ϳ qd͑v͒ 1 x 00 reg ͑v͒ in the thermodynamic limit.
The method also provides a transparent physical picture for the structure of the ground state and the nature of its elemental excitations. The general model Hamiltonian reads
where S m i , m x, y, z are components of a spin 1 2 operator at site i, J ij denote the infinite-range magnetic interactions between sites i and j which are normally distributed with variance J 2 that we set to unity, N is the number of sites, G is an applied transverse field acting at every site, and 0 # a # 1. For G 0 and a 0, one has the well-known Sherrington-Kirkpatrick (SK) spin-glass model [17] . Starting from this limit, the effects of quantum fluctuations are introduced by G or a. At T 0 and a 0 the model is the RITF and has a quantum critical point for G G c [7] . Alternatively, for G 0 and a 1, one has the RH model which is SU(2) rotationally invariant.
These types of infinite-range quantum spin models are usually treated within an approach based on the replica trick and formulated on the imaginary time axis [10] . In contrast, our treatment avoids the need for the trick as the average over the random ensemble is directly performed. In addition, one also avoids the problem of analytic continuation to compute the dynamical response on the real frequency axis. We take systems of size N from the random ensemble and exactly diagonalize the Hamiltonians to obtain averaged quantities over a large number of samples. The exact ground state (GS) and dynamical correlation functions are calculated by the Lanczos method [18] . We then extrapolate our results to the infinite-size system. Systems of N # 17 are solved and averages over several thousands of disorder realizations are typically performed. Although one deals with systems of finite size that have a finite number of poles, the average over the disorder naturally produces smooth response functions without the need for introducing artificial broadening as in usual exact diagonalization methods. We found it important to perform a logarithmic discretization (binning) of the v axis to obtain accurate results at low frequencies, where a large quantity of poles occurs. A typical run demands up to two days for the larger systems on an 8-node parallel cluster. As an initial test for the consistency and accuracy of our method, the better-known RITF model was first considered and we computed the critical field for the paramagnetic spin-glass transition. We obtained G c ഠ 0.72J [19] which is in agreement with previously reported values [7] [8] [9] . As a second test, the GS energy was estimated with E GS ͑G 0, a 0͒ ഠ 20.180J which is also in good agreement with Parisi's two-step replica symmetry breaking result [12] .
We now turn to the study of the dynamical response of the RITF model. In Fig. 1 typical response functions are shown for both the paramagnetic (inset) [7] and spin-glass ordered phases. In the first case, for G . G c the excitations are simply dominated by the transverse field as the response shows a maximum at v ഠ G. The effect of the disorder is to broaden this maximum to a width of order J. At higher transverse fields, this gap just increases linearly in G and the broadening effect of the disorder decreases as the spins become aligned along the x axis. As we move below the critical field and enter the ordered state, a dramatic change in the response is observed with a substantial transfer of spectral weight to low frequencies. The weight is transferred from the high frequency ϳG response, since the sum rule R0 x 00 ͑v͒ dv 1 4 has to be fulfilled. As will be shown later, the low frequency part of the dynamical response in the ordered phase becomes qd͑v͒ in the N !l imit, where q is the Edwards-Anderson spin-glass order parameter [2] . Thus the spectral function has the form The spectral function shows a d͑v͒ part plus a regular contribution at finite frequencies with a maximum at v ഠ G. Inset: gapped x 00 ͑v͒ in the paramagnetic phase at G 0.8 . G c .
where x 00 reg ͑v͒ is peaked at v ϳ G and carries 1 4 2 q of the spectral weight. These results are consistent with, and therefore provide firm footing to, the predictions of the Landau theory [13] . To illustrate our result, Fig. 2 shows the integrated spectral weight I͑v͒
for systems of increasing size ranging from 9 to 15 sites. The curves I͑v͒ for different N show the same qualitative shape, with an initial rapid increase that saturates in a plateau and a subsequent increase at higher frequencies ͑v ϳ G͒ to finally reach the saturation value of 1 4 obeying the sum rule. It is very interesting to note that both the high frequency behavior and, most importantly, the value of the plateau do not show any significant dependence on the system size N. Moreover, the value of the plateau directly provides the estimate of the spin-glass order parameter q as the low frequency response collapses into a zero frequency contribution. This result is supported by looking at the systematic change of the low frequency response as a function of the system size N. In the insets of Fig. 2 we show I͑v͒ for different system sizes and it is quite clear that the frequency v p for the onset of the plateau moves swiftly to lower frequencies. In fact, by performing a careful study of the scaling of v p with N for different values of G in the whole spin-glass phase, one always finds that it extrapolates fast to zero [19] . Moreover, it is also found that v p~e xp͓2a͑G͒N͔, where a͑G͒ is a positive defined decreasing function of G. The behavior of the order parameter q as a function of the transverse field is quite simple and, within our precision, it is consistent with q͑G͒ 1 4 ͑1 2 G͞G c ͒, therefore also qualitatively similar to the Landau theory results valid for the critical region [13, 20] .
To close our discussion on the dynamical response of the RITF spin glass, lets briefly consider the physical nature of the GS and its lowest energy excitations. We took several randomly chosen individual realizations and looked at their GS and their frequency response. Some features appear common to most realizations and provided us with a qualitative picture that should correspond to the state of a typical realization of disorder. For sufficiently small G, one observes that the components appearing with largest amplitudes in the GS wave function have a large number of spins in an unfrustrated configuration (i.e., compatible with the given J ij realization). In addition, it is also found that the dynamical response has many small poles at frequencies of order G and a single and rather large pole at a very low frequency that goes to zero when G goes to zero. Careful examination revealed that the largeamplitude components of the GS occur in doublets that correspond to a spin configuration and one obtained by simultaneously reversing a certain large fraction of the spins. Thus, this fraction of spins actually conforms or defines an unfrustrated cluster. At G 0 the doublet states become quasidegenerate low energy states of the classical SK model. At finite G they are coupled and thus appear in an antisymmetric combination in the GS. The symmetric combination will then correspond to an excited state with an exponentially small excitation energy O ͑G N ͒. This excitation can also be thought of as resulting from the simultaneous flip of O ͑N͒ spins by the action of the field G on the GS.
We now turn to the RH model. Two key features distinguish this model from the previous one: (i) it is SU(2) rotationally invariant and (ii) there is no external energy scale such as G previously. Its physics is far less understood. The existence of a low temperature spin-glass phase was established by Bray and Moore [10] using a variational calculation and, more recently, by quantum Monte Carlo simulations [11] . To our knowledge, results at T 0 for the spin susceptibility were reported only for the SU͑M͒ extensions of the model at M ` [14, 15] .
In the main panel of Fig. 3 we show the results for the spectral function. It shows a ϳd͑v͒ piece plus a low frequency hump which is mounted on a regular contribution. It is found that the latter can be accurately fitted with the expression
with s 1͞2 which can be easily derived by using the usual heuristic mean-field -like arguments (cf. [2] ) [19] . We found C 0.175, as shown with squares in Fig. 3 . Careful examination of systems of several sizes revealed a negligible dependence of C on N. This is in marked contrast with the behavior of the low frequency hump. As N increases, it evolves towards a narrowing feature at v 0. This is illustrated in the inset of Fig. 3 , where details of the low energy region of x 00 ͑v͒ 2 x 00 reg ͑v͒ are shown for two different values of N. Thus, our numerical data strongly suggest that the spectral function of the RH model in the thermodynamic limit also obeys the general form (2) as in the RITF case [21] . The Edwards-Anderson order parameter is then computed by using the sum rule, and we obtained q ഠ 0.06.
Finally, we now turn to the analysis of the GS and the low energy collective excitations of this model. Our aim is to gain insight into the origin of the qd͑v͒ part of the spectral function. The results of Fig. 3 suggest two different contributions to q in the thermodynamic limit: an actual ϳd͑v͒ part that is already present for finite-size systems, and a second contribution, "the low frequency hump," that collapses towards v 0 as N increases. The first feature is a direct consequence of the SU(2) rotation invariance of the Hamiltonian. To demonstrate this we separated the different S-sector contributions to x 00 ͑v͒, using the fact that the total spin S is a good quantum number to label the GS of every given disorder realization. In the main panel of Fig. 4 the results for the S 0 and S 1 sectors are shown. A notable feature is that the ϳd͑v͒ part is absent in the S 0 case, while present in the remaining S fi 0 sectors. Systematic analysis of histograms of S (cf. inset of Fig. 4) , for increasing N, reveals that ͗S͘ is an increasing function of N [22] and that x 00 ͑v͒ is not dominated by the S 0 contribution. Therefore, the origin of this ϳd͑v͒ feature is traced to a "soft mode," connecting the 2S 1 1-fold degenerate GS's, that persists in the N !`limit. The origin of the second contribution to q is more subtle. Following the same strategy as in the RITF case, we analyzed individual realizations of disorder that yielded sizable contributions to the low frequency hump in order to identify the nature of these excitations. In these realizations it is found that the GS wave function has large amplitudes on a pair of states, which are related by a time-reversal operation [23] . They appear in a symmetric (when N͞2 is even) or antisymmetric (when N͞2 is odd) linear combination. In fact, the configuration of this pair of states is observed to be compatible with the given realization of J ij interactions, thus defining an unfrustrated cluster. It should now be clear that the excited state contributing to the hump is nothing but the complementary (antisymmetric or symmetric) linear combination of the one appearing in the GS. The difference in energy between the GS and the excitation is small ͓O͑1͞N͔͒.
In summary, the origin of the hump is, rather surprisingly, quite similar to that of the low energy peak of the RITF model. However, the typical energy for these low energy collective excitations scales very differently with the size of the system in the two models. It is O͑G N ͒ for the RITF, while it seems to be O͑1͞N͒ for the RH. Nevertheless, in both cases these collective excitations become degenerate with the GS and contribute with a large weight to the dynamical spin response at v 0 in the thermodynamic limit.
In conclusion, in this paper a new numerical technique for the study of disordered systems was introduced that avoids the replica trick. We demonstrated that it is a very accurate and general technique for the study of quantum spin disordered systems. In particular, it was established that the dynamical spin susceptibility in the spin-glass phases of the RITF and RH models is gapless at T 0, but with qualitative different behavior at low frequencies. Our numerical technique has provided, for the first time to our knowledge, reliable results for the dynamical response of the random Heisenberg model which has eluded analytic solutions so far.
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